We establish the existence of positive solutions for the three-point boundary value problem u" + a(t)f(u) = o, u(0) = 0, u(1) -au(~) = b, where b, c~ > 0, r/ E (0, 1), a~? < 1, are given. Under suitable conditions, we show that there exists a positive number b* such that the problem has at least one solution for 0 < b < b* and no solution for b > b*.
INTRODUCTION
The study of multipoint boundary value problems for linear second-order ordinary differential equations was initiated by Ii'in and Moiseev [1] . Motivated by the study of Ii'in and Moiseev [1] , Gupta [2] studied certain three-point boundary value problems for nonlinear ordinary differential equations. Since then, more general nonlinear multipoint boundary value problems have been studied by several authors. We refer the reader to [3, 4] for some references along this line.
Recently, the author [4] proved the existence of positive solutions for the three-point boundm value problem ~" + a(t)g(u) = 0, u(0) = 0, u(1) = c~u(rl) ,
where a > 0, r]E (0, 1), ar~ < 1, are given, a E C([0, 1], [0, oc)), and g E C([0, oc), [0, oo)) is either superlinear or sublinear.
In this paper, we consider the nonhomogeneous three-point boundary value problem
We make the following assumptions:
(A1) V E (0, 1) and 0 < a~/< 1;
( Our main result is the following. The proof of above theorem is based upon the Schauder fixed-point theorem and motivated by [5] .
PRELIMINARY LEMMAS
To prove Theorem 1, we need the following preliminary results. In the rest of this paper, we always assume that f(u) = f(0) for u < 0.
PROOF OF THE MAIN RESULT
PROOF OF THEOREM 1. We divide the proof into three steps. STEP 1. We prove the existence of positive solutions to (1.3),(1.4b) for small b : b > 0. Let h be the solution of
Then h = t/(1 -cal) and u is a positive solution of (1
Since lim~0+(f(u)/u) = 0, there exists a positive number bl such thai,
and is explicitly given by
From Lemma 2, we know that p(t) >_ O, for t E [0, 1]. Define a closed convex subset in C[0, 1] by Suppose to the contrary that ~o ~ C-If Ub(1) < W,(1), then there exists (al, bl) C ~20 such that w(al) --W(bl) = 0, where w(t) = ub(t) --u~(t). Moreover, w"(t) ----0 in (al, bl). Thus, w(t) = 0 in (al, bt), a contradiction.
If ub(1) > u~(1), we claim that w(~) > 0. In fact, from the fact that w(1) -aw(~l) = b -b < 0 and w(1) > 0, we have that w(~) > 0.
Thus, we only need to deal with the following three cases. Boundary Value Problems 5 CASE 1. w > 0 in (0, 1). CASE 2. There exists 0 E (0, r/) such that w(O) = 0 and w > 0 in (r/, 1). CASE 3. There exists r ~ (7/, 1) such that w(w) < 0.
In Case 1, we have w"(t) = 0, w(0) = 0, w(1)-c~w(~]) = b-b < 0. By Lemma 2, we know that w < 0 in (0, 1). This contradicts with the fact that f~0 ¢ C-In Case 2, there exists ~ E [0, r/) such that w(~) = 0 and w(t) > 0 in (4, 1) . Similar to Case 1, we can get a desired contradiction.
In But w"(t) = 0 in (c, d). So, w(t) = 0 in (c, d), we get a desired contradiction again.
